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GENUS-3 LEFSCHETZ FIBRATIONS AND EXOTIC 4-MANIFOLDS WITH b+2 = 3
TU¨LI˙N ALTUNO¨Z
Abstract. We explicitly construct a genus-3 Lefschetz fibration over S2 whose total space is T2 × S2#6CP2 using
the monodromy of Matsumoto’s genus-2 Lefschetz fibration. We then construct more genus-3 Lefschetz fibrations
whose total spaces are exotic minimal symplectic 4-manifolds 3CP2#qCP2 for q = 13, . . . , 19. We also generalize our
construction to get genus-3k Lefschetz fibration structure on the 4-manifold Σk × S2#6CP2 using the generalized
Matsumoto’s genus-2k Lefschetz fibration. From this generalized version, we derive further exotic 4-manifolds via
Luttinger surgery and twisted fiber sum.
1. Introduction
There is a close relationship between objects in 4-dimensional topology and algebra by virtue of the pioneering
works of Donaldson and Gompf. By remarkable work of Donaldson, it was shown that every closed symplectic
4-manifold has a structure of a Lefschetz pencil which yields a Lefschetz fibration after blowing up at its base
points [23]. Conversely, Gompf [37] showed that the total space of a genus-g Lefschetz fibration admits a symplectic
structure if g ≥ 2. This relation provides a way to understand any symplectic 4-manifold via a positive factorization
of its monodromy, if it exists. Given a genus-g Lefschetz fibration f : X → S2, one can associate to it the
factorization of the identity word W = 1 in the mapping class group of the closed connected orientable genus-g
surface. Conversely, given such a factorization, one can construct a genus-g Lefschetz fibration over S2.
Proving the existence of minimal symplectic structures on 4-manifolds and constructing such manifolds in the
homeomorphism classes of simply connected 4-manifolds with very small topology have been an interesting topic
that has used several construction techniques such as rational blowdowns, knot surgery, fiber sums and Luttinger
surgeries. (e.g. [1, 7, 13, 22, 31, 32, 33, 35, 36, 43, 56, 59, 63].) Recently, some authors have applied some relations
in the mapping class group such as lantern relation or Luttinger surgery to construct Lefschetz fibrations with
b+2 = 1 or 3 [3, 6, 8, 10, 14, 15, 16, 17, 26, 27, 28]. For instance, in [4, 8, 17], genus-2 Lefschetz fibrations are
studied and exotic genus-2 Lefschetz fibrations with b+2 ≤ 3 are obtained via several constructions, especially using
their monodromies. Also, Akhmedov and Monden constructed some higher genus fibrations via lantern and daisy
substitutions [5]. We would like to specify that the aim of this paper is not only to construct exotic smooth structures
on very small 4-manifolds with b+2 = 3, but also to use Lefschetz fibration structures on various smooth 4-manifolds
with small numbers of singular fibers. The novel aspects of this paper is the following. We apply the breeding
technique to produce a small genus-3 fibration, and follow the Baykur-Korkmaz scheme [17] to generate fibered
exotic 4-manifolds through small Lefschetz fibrations, and apply Luttinger surgeries to get smaller 4-manifolds.
We also apply twisted fiber sum operations and lantern substitutions which correspond to the symplectic rational
blowdown surgery along −4 sphere [26] to get fibered genus-3 exotic 4-manifolds.
In the present paper, we first construct a relation W = 1 in the mapping class group of the closed connected
orientable genus-3 surface, denoted by Mod3, using Matsumoto’s well known relation [52]. We use the construction
technique given by Baykur and Korkmaz in [18] to get the relation W = 1 in Mod3 (see [14] for more examples of
this technique). We then obtain a genus-3 Lefschetz fibration f : X → S2 with the monodromy factorization W and
prove that the 4- manifold X is diffeomorphic to T2×S2#6CP2. We apply lantern substitutions to the twisted fiber
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sums of the genus-3 Lefschetz fibration f : X → S2 to obtain minimal genus-3 Lefschetz fibrations whose total spaces
are homeomorphic but not diffeomorphic to 3CP2#qCP2 for q = 13, 14, 15. We also construct simply connected
genus-3 Lefschetz fibrations applying lantern substitutions to the twisted fiber sums of the Lefschetz fibration
f : X → S2 and the generalized Matsumoto’s fibration for g = 3 obtained by [41, 20, 21]. Hence, we obtain exotic
minimal symplectic 4-manifolds admitting genus-3 Lefschetz fibration structures in the homeomorphism classes of
3CP2#qCP2 for q = 16, . . . , 19. Therefore, the first main result of this paper is as follows.
Theorem 1.1. There exist genus-3 Lefschetz fibrations whose total spaces are minimal symplectic 4-manifolds
homeomorphic but not diffeomorphic to 3CP2#qCP2 for q = 13, . . . , 19.
We would like to remark that the idea of constructing small exotic 4-manifolds admitting a genus-3 Lefschetz
pencil/fibration structure via positive factorizations is already present in the literature: as shown by Baykur [14],
there exist genus-3 Lefschetz pencils on exotic copies of CP2#pCP2 for p = 7, 8, 9. Genus-3 Lefschetz fibrations on
exotic copies of 3CP2#qCP2 for q = 16, . . . , 19 have been constructed by Baykur, Hayano and Monden [16]. Also,
Baykur and Hayano [15] gave examples of exotic genus-3 Lefschetz pencils.
Following Theorem 1.1, we generalize our relation W = 1 in Mod3 to the relation Wk = 1 in Mod3k. We then
obtain the 4-manifold Σk×S2#6CP2 that admits a genus-3k Lefschetz fibration over S2 with monodromy Wk = 1.
Using this Lefschetz fibration structure, we produce exotic copies of (4k − 1)CP2#(4k + 5)CP2 for any positive
integer k via Luttinger surgery. Finally, we construct minimal exotic copies of (4k2−2k+1)CP2#(4k2+4k+7)CP2
admitting the genus-3k Lefschetz fibration structure for any positive integer k via the twisted fiber sum. Hence,
the other results we obtained in this paper are as follows.
Theorem 1.2. There exist infinitely many smooth 4-manifolds homeomorphic but not diffeomorphic to (4k −
1)CP2#(4k + 5)CP2 for any positive integer k.
Note that infinite families of exotic 4-manifolds in all homeomorphism classes given in Theorem 1.1 and 1.2
have been constructed in [2]. There are even earlier examples in most of homeomorphism classes of 4-manifolds in
Theorem 1.2, constructed in the pioneering works of Park [57, 58].
Theorem 1.3. There exist genus-3k Lefschetz fibrations, whose total spaces are minimal symplectic 4-manifolds
homeomorphic but not diffeomorphic to (4k2 − 2k + 1)CP2#(4k2 + 4k + 7)CP2 for any positive integer k.
The present paper is organized as follows. In Section 2, we give some preliminary information and results.
In Section 3, we explicitly construct a positive factorization W for a genus-3 Lefschetz fibration over S2. We
also derive new simply-connected genus-3 Lefschetz fibrations by constructing their monodromies. In Section 4,
we construct minimal symplectic 4-manifolds admitting a genus-3 Lefschetz fibration structure which are exotic
copies of 3CP2#qCP2 for q = 13, . . . , 19 using genus-3 Lefschetz fibrations obtained in Section 3 and generalized
Matsumoto’s fibration for g = 3. In the last section, we generalize the construction of genus-3 Lefschetz fibration
obtained in Section 3 to obtain genus-3k Lefschetz fibrations for any positive integer k. Finally, using these genus-3k
Lefschetz fibration structures, we derive some fibered and non-fibered examples of exotic structures.
Acknowledgements. I would like to thank my advisor Mustafa Korkmaz for his support and inspiring discussions
in this work. Thanks are due to Anar Akhmedov for helpful conversations and suggestions. This paper was written
while I was visiting School of Mathematics, University of Minnesota. I would like to thank School of Mathematics, U
of M for their hospitality and wonderful research environment. This paper is a part of the author’s Ph.D. thesis [11]
at Middle East Technical University. The author was partially supported by the Scientific and Technologic Research
Council of Turkey (TUBITAK).
2. preliminaries
In this section, we state some preliminary definitions and recall some useful facts concerning the mapping
class groups, relations between Dehn twists and Lefschetz fibrations [30, 37, 51]. We then give the Matsumoto’s
relation [52] and its generalized version [41, 20, 21]. Also, we give a method to compute the signatures of Lefschetz
fibrations introduced by Endo and Nagami [29].
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2.1. Mapping Class Groups. Let Σng denote a compact connected oriented smooth surface of genus g with
n ≥ 0 boundary components. Let Diff+(Σng ) denote the group of all orientation-preserving self-diffeomorphisms of
Σng fixing all points on the boundary and let Diff
+
0 (Σ
n
g ) denote the subgroup of Diff
+(Σng ) consisting of orientation-
preserving self-diffeomorphisms of Σng isotopic to the identity. The mapping class group of Σ
n
g , denoted by Mod
n
g ,
is defined to be the group of the isotopy classes of self-diffeomorphisms of Σng , where diffeomorphisms and isotopies
fix all points on the boundary, i.e.,
Modng = Diff
+(Σng )/Diff
+
0 (Σ
n
g ).
We will denote Modng and Σ
n
g by Modg and Σg, respectively, when n = 0.
For a simple closed curve a on a surface Σng , a right (or positive) Dehn twist about a is the diffeomorphism ta
obtained by cutting Σng along a and gluing back after rotating one of the copies of a by 360 degrees to the right.
Throughout this paper, for any two mapping classes f and h, the multiplication fh means that h is applied first
and then f .
Lemma 2.1. [30] For any f ∈ Modng and two simple closed curves a and b on Σng , we have
(1) ftaf
−1 = tf(a) (Conjugation),
(2) if a and b are disjoint, then ta and tb commute (Commutativity),
(3) if a intersects b transversely at one point, then tatbta = tbtatb (Braid relation).
Figure 1. The lantern configuration on a sphere with four holes.
2.2. Lantern relation. The lantern relation was discovered by Dehn and rediscovered by Johnson.
Lemma 2.2. [30, 40] Let δ1, δ2, δ3 and δ4 be the boundary curves of Σ
4
0 and x1, x2 and x3 be the simple closed
curves as shown in Figure 1. Suppose that Σ40 is embedded in Σ
n
g . The following relation, called the lantern relation,
holds in Modng :
tδ1tδ2tδ3tδ4 = tx1tx2tx3
2.3. Lefschetz fibratons and monodromy representations. We start with a review of basic definitions and
properties of Lefschetz fibrations. Throughout the paper, we denote the 2-sphere by S2.
Let M be a closed connected oriented smooth 4-manifold. A smooth surjective map f : M → S2 is a Lefschetz
fibration of genus g if it has finitely many critical points and around each critical point, it can be written as
f(z1, z2) = z
2
1 + z
2
2 with respect to some local complex coordinates agreeing with the orientations of M and S2.
The genus of a regular fiber F is called the genus of the fibration. We assume that all the critical points lie in
the distinct fibers, called singular fibers, which can be achieved after a small perturbation. Each singular fiber is
obtained by shrinking a simple closed curve, called vanishing cycle, to a point in the regular fiber. If the vanishing
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cycle is nonseparating (resp. separating), then the singular fiber is called irreducible (resp. reducible). In this work,
we also assume that all Lefschetz fibrations are nontrivial, i.e. there exists at least one singular fiber and fibrations
are relatively minimal, i.e. no fiber contains a (−1)-sphere, otherwise one can blow it down without changing the
rest of the fibration.
Lefschetz fibrations can be described combinatorially via their monodromies. The monodromy of a Lefschetz
fibration f : M → S2 is given by a positive factorization tα1tα2 · · · tαn = 1 in Modg, where αi’s are the vanishing
cycles. Conversely, for a given positive factorization ta1ta2 · · · tak = 1 in Modg, one can construct a genus-g Lefschetz
fibration over S2 by attaching 2-handles along vanishing cycles ai in a Σg fiber in Σg×D2 with −1 framing with re-
spect to the product framing, and then by closing it up via a fiber-preserving map between boundaries to get a genus-
g fibration over S2. Such a fibration is uniquely determined up to isomorphisms, which are orientation-preserving
self-diffeomorphisms of the total spaces and S2 making the fibrations commute. The relation ta1ta2 · · · tak = 1
in Modg is uniquely determined up to Hurwitz moves (exchanging subwords taitai+1 = tai+1tt
a
−1
i+1
(ai) and global
conjugations (changing each tai with tϕ(ai) for some ϕ ∈ Modg) if g ≥ 2.
A map σ : S2 → M is called a section of a Lefschetz fibration f : M → S2 if f ◦ σ = idS2 . If there exists a
lift of a positive relation tα1tα2 · · · tαn = 1 in Modg to Modkg such that tα˜1tα˜2 · · · tα˜n = tm1δ1 tm2δ2 · · · tmkδk where mi’s
are integers and δi’s are boundary curves, then the Lefschetz fibration f : M → S2 admits k disjoint sections
S1, . . . , Sk, where Sj is of self-intersection −mj and vice versa [19].
For i = 1, 2, let fi : Mi → S2 be a genus-g Lefschetz fibration with a regular fiber Fi and monodromy factorization
Wi = 1. Let r be an orientation-reversing self-diffeomorphism of S
1 and φ : F2 → F1 be an orientation-preserving
diffeomorphism. We remove a fibred neighborhood of Fi from Mi and glue the resulting manifolds along their
boundaries using the orientation-reversing diffeomorphism r × φ. The resulting 4-manifold is a genus-g Lefschetz
fibration over S2 with monodromy factorization W1Wφ2 , which is called a twisted fiber sum of the Lefschetz fibrations
f1 and f2. Moreover, for i = 1, 2, if the Lefschetz fibration fi : Mi → S2 admits a section with self-intersection mi,
then the twisted fiber sum of f1 and f2 admits a section with self-intersection m1 + m2. Here the notation W
φ
denotes the conjugated word of W , i.e., Wφ = tφ(α1)tφ(α2) · · · tφ(αn), if W = tα1tα2 · · · tαn .
Figure 2. The curves Bi, a, b and C on Σg.
Figure 3. The curves Bi, a, b and C on Σ
2
g.
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2.4. Generalized Matsumoto’s relation. Let B0, B1, . . . , Bg, a, b and C be simple closed curves on Σg as shown
in Figure 2 and Wg be the following word:
Wg =
{
(tB0tB1 · · · tBg tC)2 if g = 2k,
(tB0tB1 · · · tBg t2at2b)2 if g = 2k + 1.
The word Wg represents the identity in the mapping class group Modg, which was shown by Matsumoto for
g = 2 [52] , and by Korkmaz [41] and independently by Cadavid [20] for g ≥ 3 (see also [21] for a different proof).
Stipsicz and Ozbagci [55] showed that Wg = tδ in Mod
1
g, where δ is the boundary of the genus-g surface, Σ
1
g.
Korkmaz [42] obtained a lifting of Wg that equals to the product tδ1tδ2 in Mod
2
g, where δ1 and δ2 are the boundary
components of Σ2g. Recently, Hamada [38] gave a maximal set of disjoint (−1) sections of Wg. One of his liftings is
Wg = tδ1tδ2 , where the curves δ1 and δ2 are as depicted in Figure 3.
Let Mg be the total space of the Lefschetz fibration over S2 with the monodromy factorization Wg. Then Mg is
diffeomorphic to Σk × S2#4CP2 (respectively Σk × S2#8CP2) if g = 2k (respectively g = 2k + 1) [41, 20].
2.5. Signature of a relation. Endo and Nagami [29] gave a useful method to calculate the signature of a Lefschetz
fibration over S2 by introducing the notion of the signature of a relation. This method allows one to determine the
signature of a Lefschetz fibration over S2 as the sum of signatures of basic relations in its monodromy. They also
explicitly compute the signature of some known relations. Let us recall the definition of the signature of a relation
and the results that we will need later.
Let F be the free group generated by all isotopy classes of simple closed curves on Σg. There is a natural
homomorphism % : F → Modg mapping a simple closed curve a to the Dehn twist ta. Since Modg is finitely
generated by Dehn twists, the homomorphism % is surjective. An element of Ker% is called a relator. A relator ρ
is of the form ρ = c11 c
2
2 · · · cnn , where ci’s are simple closed curves on Σg and i = ±1 for i = 1, . . . , n. The word ρ
is said to be a positive relator if i = +1 for all i. For instance,
L = x1x2x3δ
−1
1 δ
−1
2 δ
−1
3 δ
−1
4
is a relator coming from the lantern relation, which we call the lantern relator, where the curves xi and δi as shown
in Figure 1.
The words
(B0B1 · · ·BgC)2 if g is even,
and
(B0B1 · · ·Bga2b2)2 if g is odd
are also relators, where the curves Bi, C, a and b as shown in Figure 2.
For two relators ρ = W−11 W2 and ξ = UW1V such that U, V,W1 and W2 are positive words in F , one can obtain
a new positive relator
ξ′ = ξV −1ρV = UW2V.
This operation is called ρ-substitution to ξ. When ρ is a lantern relator then we say that ξ′ is obtained by applying
the lantern substitution to ξ.
There is an explicit homomorphism cg : Ker% → Z inducing the evaluation map H2(Modg) → Z for the
cohomology class of τg, where τg : Modg ×Modg → Z is the Meyer’s signature cocycle. For a relator ρ ∈ Ker%, the
signature of ρ is given by
Ig(ρ) := −cg(ρ)− s(ρ),
where s(ρ) is the sum of the exponents of Dehn twists about separating simple closed curves appearing in the word
ρ. Moreover, Endo and Nagami extended this definition to elements of the free group F .
For the proofs of the following lemma and theorem, we refer the reader to [29].
Lemma 2.3. The signature Ig satisfies the following:
(i) Ig(a) = −1, where a is the isotopy class of a separating curve.
(ii) Ig(L) = +1, where L is a lantern relator.
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(iii) Ig
(
(B0B1 · · ·BgC)2
)
= −4 if g is even,
Ig
(
(B0B1 · · ·Bga2b2)2
)
= −8 if g is odd.
Theorem 2.4. Let f : X → S2 be a genus-g Lefschetz fibration with the monodromy tc1tc2 · · · tcn , so that
c1c2 · · · cn ∈ Ker(%) is a positive relator. Then the signature of the 4-manifold X is equal to the signature of
c1c2 · · · cn, i.e.,
σ(X) = Ig(c1c2 · · · cn).
2.6. Symplectic Fiber Sums. This subsection explains the symplectic fiber sum operation and two useful criteria
to determine the minimality of a fiber sum.
Let Xi be a closed oriented smooth manifold of dimension 4 containing a smoothly embedded surface Σ of
genus g ≥ 1 such that the surface Σ has zero self-intersection in Xi and represents a homology class of infinite
order for each i = 1, 2. The generalized fiber sum X1#ϕX2 along closed embedded genus-g surfaces Σ is defined as
(X1 \ υΣ)∪ϕ (X2 \ υΣ), where υΣ ∼= Σ×D2 denotes a tubular neighbourhood of the surface Σ in both X1 and X2
and the gluing map ϕ is an orientation-reversing and fiber preserving self-diffeomorphism of S1 × Σ.
For symplectic manifolds Xi and embedded symplectic subsurfaces in Xi for each i = 1, 2, Gompf [36] showed
that the resulting manifold X1#ϕX2 admits a symplectic structure.
Let e(X) be the Euler characteristic of a manifold X. For X1#ϕX2, we have the following lemma.
Lemma 2.5. Let X1#ϕX2 be the fiber sum of X1 and X2 along closed embedded surface Σ of genus g (g ≥ 1)
determined by ϕ. Then
(i) e(X1#ϕX2) = e(X1) + e(X2)− 2e(Σ),
(ii) σ(X1#ϕX2) = σ(X1) + σ(X2).
One can determine the minimality of a symplectic fiber sum using the following theorem:
Theorem 2.6. [67, 24] Let (X,ωX) and (Y, ωY ) be two symplectic 4-manifolds containing an embedded symplectic
surface S of genus g ≥ 0 and M be the symplectic fiber sum X#SY .
(1) The 4-manifold M is not minimal if
(a) X \ SX or Y \ SY contains an embedded symplectic (−1)-sphere, where SX ⊂ X and SY ⊂ Y are
copies of the surface S,
or
(b) X#SY = Z#SCP2CP
2 with SCP2 an embedded +4-sphere in class [SCP2 ] = 2[H] ∈ H2(CP2;Z) and
Z has at least two disjoint exceptional spheres Ei so that each Ei meets the submanifold SZ ⊂ Z
transversely and positively in a single point with [Ei] · [SX ] = 1.
(2) If X#SY = Z#SBB, where B is an S2-bundle over a surface of genus-g and SB is a section of this bundle,
then M is minimal if and only if Z is minimal.
(3) M is minimal in all other cases.
The next proposition will also be useful for us to determine the minimality of some Lefschetz fibrations con-
structed in this paper.
Proposition 2.7. [17] Let (X, f) be a Lefschetz fibration associated to a factorization W = Wφ1W2 in Modg, where
φ is any mapping class and W1, W2 are positive factorizations of the identity in Modg. Then the 4-manifold X is
minimal.
3. Construction of genus-3 Lefschetz fibrations
In this section, we explicitly construct a positive factorization for a genus-3 Lefschetz fibration over S2 whose
total space is diffeomorphic to T2 × S2#6CP2. To do this, we follow very closely the breeding technique and the
same building blocks in [14]. Note that this breeding technique is also used to construct the smallest hyperelliptic
genus-3 Lefschetz fibration by Baykur and Korkmaz [18] and to get holomorphic Lefschetz pencils on the four-
torus [39]. Following the positive factorization for a genus-3 fibration on T2 × S2#6CP2, we also construct some
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positive factorizations which yield simply-connected genus-3 Lefschetz fibrations over a sphere using the fiber sum
operation and the lantern substitution.
Figure 4. The curves Bi, B
′
i, C, C
′.
Consider the genus-3 surface Σ13 represented in Figure 4. The lifting of W2 constructed by Hamada and the
embeddings of the genus-2 surfaces Σ12 and Σ
2
2 in Σ
1
3 give rise to the following identities in Mod
1
3:
(tB0tB1tB2tC)
2 = (tCtB0tB1tB2)
2 = tC′ ,(3.1)
(tB′0tB′1tB′2tC′)
2 = tCtδ,(3.2)
where the curves Bi, B
′
i, C and C
′ are as shown in Figure 4 and δ is a curve parallel to the boundary component
of Σ13. The first identity in (3.1) comes from the commutativity of Dehn twists about disjoint curves C and C
′ and
the second identity in (3.1) is obtained by capping off one boundary component in Hamada’s lifting. Using the fact
that tC and tC′ commute, we get the following relation in Mod
1
3:
tB0tB1tB2tCtB0tB1tB2tB′0tB′1tB′2tC′tB′0tB′1tB′2tC′tCt
−1
C t
−1
C′ = tδ.
Finally, we get the following identity in Mod13:
tB0tB1tB2tCtB0tB1tB2tB′0tB′1tB′2tC′tB′0tB′1tB′2 = tδ(3.3)
consisting of the product of positive Dehn twists about 12 nonseparating curves Bi, B
′
i and 2 separating simple
closed curves C and C ′. Let W be the positive factorization of tδ in (3.3) and let X denote the smooth 4-manifold
admitting the genus-3 Lefschetz fibration over S2 with the monodromy W . Observe that it admits a section of
self-intersection −1.
For later use, we give an explicit presentation of pi1(X) induced by the monodromy W .
Let ai and bi be the generators of pi1(Σ3) as shown in Figure 5. By the theory of Lefschetz fibrations, since the
Lefschetz fibration (X, f) with the monodromy W has a section, pi1(X) is isomorphic to the quotient of pi1(Σ3) by
the normal subgroup generated by vanishing cycles of (X, f) [37].
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We get the following relations coming from the vanishing cycles:
B0 = b1b2 = 1,(3.4)
B1 = a
−1
2 [a3, b3]b
−1
2 b
−1
1 a
−1
1 = 1,(3.5)
B2 = a
−1
2 [a1, b
−1
1 ]a
−1
1 = 1,(3.6)
B′0 = b2b3 = 1,(3.7)
B′1 = a
−1
3 b
−1
3 b
−1
2 a
−1
2 = 1,(3.8)
B′2 = b3a
−1
3 b
−1
3 a
−1
2 = 1,(3.9)
C = [a1, b1] = 1,(3.10)
C ′ = [a3, b3] = 1.(3.11)
In addition, pi1(X) has the relation
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1.(3.12)
Thus, pi1(X) admits a presentation with generators a1, a2, a3, b1, b2, b3 and with the relations (3.4)− (3.12).
The relations (3.4) and (3.7) give b1 = b
−1
2 = b3. It follows from the relations (3.6), (3.7), (3.8) and (3.10), we
obtain a1 = a
−1
2 = a3. We conclude that pi1(X) is a free abelian group of rank 2 generated by a1 and b1.
Theorem 3.1. The 4-manifold X is diffeomorphic to T2 × S2#6CP2.
Proof. We first compute σ(X), the signature of X, using Endo and Nagami’s method given in [29]. (Alternatively,
σ(X) can be calculated using Ozbagci’s algorithm [54]).
Consider the relator (B0B1B2C)
2(B′0B
′
1B
′
2C
′)2C−1C ′−1 associated to the relation
W = tB0tB1tB2tCtB0tB1tB2tB′0tB′1tB′2tC′tB′0tB′1tB′2 = 1
in Mod3 obtained by the factorization of tδ in Mod
1
3 by capping off the boundary component. It follows from
Theorem 2.4, the additivity of the signature and Lemma 2.3 that we have,
σ(X) = I3
(
(B0B1B2C)
2(B′0B
′
1B
′
2C
′)2C−1(C ′)−1
)
,
= I3
(
(B0B1B2C)
2
)
+ I3
(
(B′0B
′
1B
′
2C
′)2
)− I3(C)− I3(C ′),
= −4− 4− (−1)− (−1) = −6.
The topological invariants of e(X) and c21(X) are computed as
e(X) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 14 = 6,
c21(X) = 2e(X) + 3σ(X) = 2(6) + 3(−6)7 = −6.
We now prove that X is a ruled surface. Suppose that X is neither rational nor ruled. Let X˜ be the minimal
model of X, so X ∼= X˜#kCP2 for some non-negative integer k. It is easy to see that
c21(X˜) = c
2
1(X) + k = −6 + k.
Since X˜ is a minimal symplectic 4-manifold that is neither rational nor ruled, c21(X˜) ≥ 0 by Liu [49] and Taubes [66],
so that we have k ≥ 6. Moreover, since X has k ≥ 6 disjoint exceptional spheres, it follows from [61, Theorem 4.7]
that k ≤ 2g− 2 = 4, which is a contradiction. Therefore, X is either a rational or a ruled surface. Since b1(X) = 2,
we conclude that X is diffeomorphic to (a blow up of) a ruled surface with (b+2 , b
−
2 , b1) = (1, 7, 2). Thus, we conclude
that X is diffeomorphic to T2 × S2#6CP2.
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Figure 5. The curves ci, the generators of pi1(Σ3), d, y and β(b2).
3.1. Construction of genus-3 Lefschetz fibrations. In order to construct further genus-3 Lefschetz fibrations,
let us rewrite W as
W = V t2B′2t
2
B2 ,
where
V = tt−2
B2
(B0)tt−2
B2
(B1)tt−1
B2
(C)tt−1
B2
(B0)tt−1
B2
(B1)tB′0tB′1tt′B2
(C′)tt
B′2
(B′0)ttB′2
(B′1).
Let α = tc4tc3tB′2tc4tc2tc1tB2tc2 and β = tc2tc4tc5tB2tc4tc6tc7tB′2tc6 , where the curves ci’s are as in Figure 5. It is
easy to see that α(B′2) = c3, α(B2) = c1, β(B
′
2) = c7 and β(B2) = c5. The conjugations of W with α and β give
the factorizations
tδ = W
α = V αt2α(B′2)t
2
α(B2)
= V αt2c3t
2
c1
and
tδ = W
β = V βt2β(B′2)t
2
β(B2)
= V βt2c7t
2
c5 = t
2
c7t
2
c5V
β .
It follows that
t2δ = W
αW β = V αt2c1t
2
c3t
2
c5t
2
c7V
β = V βV αt2c1t
2
c3t
2
c5t
2
c7 .(3.13)
We see that the curves {c1, c3, c5, c7} bound a sphere with four boundary components, which allows us to use
the lantern substitution. Using the lantern relation tc1tc3tc5tc7 = tdtyta, where the curves d and y as in Figure 5
and the curve a is depicted in Figure 3 for g = 3, we get the identity
V βV αtdtytatc1tc3tc5tc7 = t
2
δ(3.14)
in Mod13. The identity (3.14) still includes the Dehn twist about the curves {c1, c3, c5, c7}, which allows us to use
one more lantern substitution, then we get the following identity
V βV α(tdtyta)
2 = t2δ .(3.15)
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Let
U1 = α(t
−2
B2
(B0)) U
′
1 = β(t
−2
B2
(B0))
U2 = α(t
−2
B2
(B1)) U
′
2 = β(t
−2
B2
(B1))
U3 = α(t
−1
B2
(C)) U′3 = β(t
−1
B2
(C))
U4 = α(t
−1
B2
(B0)) U
′
4 = β(t
−1
B2
(B0))
U5 = α(t
−1
B2
(B1)) U
′
5 = β(t
−1
B2
(B1))
U6 = α(B
′
0) U
′
6 = β(B
′
0)
U7 = α(B
′
1) U
′
7 = β(B
′
1)
U8 = α(tB′2(C
′)) U′8 = β(tB′2(C
′))
U9 = α(tB′2(B
′
0)) U
′
9 = β(tB′2(B
′
0))
U10 = α(tB′2(B
′
1)) U
′
10 = β(tB′2(B
′
1))
so that (3.13), (3.14) and (3.15) are given, respectively, as
t2δ = tU′1tU′2 · · · tU′10tU1tU2 · · · tU10t2c1t2c3t2c5t2c7 .(3.16)
t2δ = tU′1tU′2 · · · tU′10tU1tU2 · · · tU10(tdtyta)tc1tc3tc5tc7 .(3.17)
t2δ = tU′1tU′2 · · · tU′10tU1tU2 · · · tU10(tdtyta)2.(3.18)
Let (X1, f1), (X2, f2) and (X3, f3) be the genus-3 Lefschetz fibrations with the monodromies (3.16),(3.17) and
(3.18), respectively.
For later use, up to conjugation and the inversion, we write some of the vanishing cycles of X1, X2 and X3 in
the fundamental group of Σ3, pi1(Σ3), with the generating set {a1, a2, a3, b1, b2, b3}.
The following vanishing cycles Ui are shown in Figure 6. One may find that
U4 = a
−1
1 a2b
−1
1 a1b1a
−1
2 b3a
−1
3 b
−1
3 b
−1
2 a
−1
2 a1a2b
−1
1 a1b1a
−1
2 b3a
−1
3 b
−1
3 b
−1
2 a
−1
2 a1(3.19)
a2b
−1
1 a
−2
1 a2b2b3a
−1
3 b
−1
3 a
2
2b
−1
1 a1,
U′4 = a1b
−1
1 b2[b3, a3]a2b
−1
2 b
−1
3 a
−1
3 a2b
−1
2 a2b
−1
2 b1b2[b3, a3]a2b
−1
2 a
−1
3 a2b
−1
2 ,(3.20)
U6 = a
−1
1 a2b
−1
2 b
−1
1 a1b1b3a2b
−1
2 b3a3b
−1
3 a2b
−1
2 b
−1
1 ,(3.21)
U7 = a
−1
1 a2b
−1
2 b
−1
1 a1b1b3a3a2b
−1
2 a
−1
2 a1a2b
−1
2 b
−1
1 ,(3.22)
U8 = a
−1
1 a2b2a
−1
2 a
−1
3 a2b
−1
2 a
−1
2 a1b3a
−1
3 b
−1
3 .(3.23)
We now prove that for each i = 1, 2, 3, the fundamental group pi1(Xi) is trivial.
Lemma 3.2. The 4 manifold X1 is simply connected.
Proof. The monodromy of (X1, f1) is given in (3.16). Since this Lefschetz fibration has a section, pi1(X1) has a
presentation with generators a1, a2, a3, b1, b2, b3 and with the defining relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
U′i = Ui = c1 = c3 = c5 = c7 = 1, (i = 1, 2, . . . , 10).
Note that c1 = a1 = 1, c3 = a1a
−1
2 = 1, c5 = a2a
−1
3 = 1 and c7 = a3 = 1 give
a1 = a2 = a3 = 1
in pi1(X1). It follows from the identity (3.19) that the relation U4 = 1 gives
b22 = b
−1
1 b
−1
2 b
−1
1 .(3.24)
By the identity (3.22), we get
b3 = b2b1b
2
2.(3.25)
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Figure 6. The curves Ui’s for i = 4, 6, 7, 8 and U
′
4
The relations (3.24) and (3.25) imply that b3 = b
−1
1 .
Using the relation U′4 = 1, the identity (3.20) gives the following relation
b−11 b
−1
3 b
−2
2 b1b
−1
2 = 1.
It follows from b3 = b
−1
1 that we have
b−22 b1b
−1
2 = 1,
which implies that b1 = b
3
2. Therefore b1 and b3 can be written in terms of b2. It follows that pi1(X1) is abelian and
is isomorphic to a quotient of the free abelian group Z, generated by b2. Hence, pi1(X1) is isomorphic to H1(X1;Z).
We will denote the homology class of the curves by the same letters as denoted by the curves. Let us now
determine the homology class of the vanishing cycle U′6 = β(B
′
0). It follows from the homology class of B
′
0 = b2+b3
that we have
U′6 = β(B
′
0) = β(b2 + b3).
By abelianizing above relations, we get the relations
b1 = −b3 = 3b2
in H1(X1;Z). Using the homology class of β(b2), which is given by
β(b2) = 2a2 − 2b2 − b3
as shown in Figure 5, one can obtain that
U′6 = β(b2 + b3) = β(−2b2) = −4a2 + 4b2 + 2b3 = −4a2 − 2b2 = −2b2 = 0,
since the homology classes of a2 is trivial and b3 = −3b2.
It follows from the identity b1 = 3b2 that the relation 2b2 = 0 implies that
b1 = −b3 = b2.
The abelianization of (3.24) gives b2 = −2b1 implying that 3b2 = 0. Hence, b2 is trivial since 2b2 = 0. This completes
our claim that H1(X1;Z) = 0.
Lemma 3.3. The 4-manifold X2 is simply connected.
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Proof. The monodromy of (X2, f2) is given in (3.17). Since the Lefschetz fibration (X2, f2) admits a section, pi1(X2)
has a presentation with generators a1, a2, a3, b1, b2, b3 and with defining relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
U ′i = Ui = c1 = c3 = c5 = c7 = a = d = y = 1, i = 1, 2, . . . , 10.
The fundamental group pi1(X2) has the same relations as pi1(X1) and some additional relations. This immediately
shows that pi1(X2) = 1.
Lemma 3.4. The 4-manifold X3 is simply connected.
Proof. The monodromy of (X3, f3) is given in (3.18). Since this Lefschetz fibration has a section, pi1(X3) has a
presentation with generators a1, a2, a3, b1, b2, b3 and with defining relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
U ′i = Ui = c1 = a = d = y = 1, i = 1, 2, . . . , 10.
The relations a = a2 = 1, d = a1a
−1
3 = 1 and y = a1a
−1
2 a3 = 1 imply that a1 = a3 = a
−1
3 in pi1(X3). One can
conclude that a2 = a
2
3 = 1 and a1 = a3.
Let us consider the relations U6 = 1 and U7 = 1. The identities (3.21) and (3.22) turn out to be the following
identity
[b3, a1] = b2a1b
−1
2 .(3.26)
Combining the relation U8 = 1 with its presentation (3.23) and the identity (3.26), one can conclude that a1 = 1.
This also shows that a2 = a3 = 1. Hence, pi1(X3) has the same relations as pi1(X1). The remaining part of the
proof follows as in the proof of Lemma 3.2.
Theorem 3.5. The genus-3 Lefschetz fibration fi : Xi → S2 is minimal and has
(i) e(Xi) = 21− i,
(ii) c21(Xi) = 3 + i,
(iii) pi1(Xi) = 1, for i = 1, 2, 3.
Proof. For each i = 1, 2, 3, the Euler characteristic e(Xi) of Xi, is given by
e(Xi) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 29− i = 21− i
and the signature σ(Xi) of Xi is
σ(Xi) = σ(X1) + σ(X1) + i− 1 = −13 + i
using Novikov additivity and the fact that the lantern substitution increases the signature by 1 from Lemma 2.3(ii).
The topological invariant c21(Xi) is given by
c21(Xi) = 2e(Xi) + 3σ(Xi) = 3 + i.
By Proposition 2.7, X1 is minimal. One can explain the minimality of X2 by considering a lantern substitution
as a rational blowdown surgery along a −4 sphere [31]. The rational blowdown surgery along a −4 sphere can be
obtained by the symplectic sum operation. Hence, X2 = X1#S,VCP2CP
2 where S is symplectic −4 sphere in X1 and
VCP2 is an embedded +4 sphere in CP2 in the class of [VCP2 ] = 2[H] ∈ H2(CP2;Z). Since X1 is minimal, it follows
from Theorem 2.6 that X2 is minimal. Similarly, since X3 can be viewed as a symplectic sum of minimal X2 and
CP2, X3 is minimal.
Finally, pi1(Xi) is trivial for i = 1, 2, 3 by Lemma 3.2, 3.3 and 3.4.
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4. Exotic fibered 4-manifolds with b+2 = 3
In this section, we construct genus-3 Lefschetz fibrations over S2, whose total spaces are minimal symplectic
4-manifolds homeomorphic but not diffeomorphic to 3CP2#kCP2 for k = 13, . . . , 19. In our construction, we use
the Lefschetz fibration f : X → S2 prescribed by the factorization W and the generalized Matsumoto Lefschetz
fibration for g = 3.
Consider the generalized Matsumoto’s Lefschetz fibration for g = 3 so that its total space is M3 with the
monodromy W3 = (tβ0tβ1tβ2tβ3t
2
at
2
b)
2. Here we denote the vanishing cycles of M3 by βi’s instead of Bi’s as shown
in Figure 3 to distinguish them from the vanishing cycles of the Lefschetz fibration f : X → S2. To determine
the relations in the fundamental group of M3, pi1(M3), consider the following identification of pi1(M3) using the
existence of sections of Matsumoto’s fibrations :
pi1(M3) = pi1(Σ3)/〈β0, β1, β2, β3, a, b〉,
β0 = b1b2b3 = 1,(4.1)
β1 = b1b2b3a3a1 = 1,(4.2)
β2 = b2b3a3b
−1
3 a1 = 1,(4.3)
β3 = a2b2[b3, a3]a2 = 1,(4.4)
a = a2 = 1,(4.5)
b = [a1, b
−1
1 ]a
−1
2 = 1.(4.6)
The equations (4.1) and (4.2) yield the relation a3a1 = 1 . Note that in pi1(M3)
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1.
This implies that [b3, a3] = 1 using the relations (4.5) and (4.6). Hence, the relation (4.4) yield b2 = 1. Finally, the
relations a3a1 = 1 and b1b3 = 1 hold in pi1(M3) implying that pi1(M3) is the free abelian group of rank 2.
We first present the minimal symplectic genus-3 Lefschetz fibrations with (b+2 , b
−
2 ) = (3, 19) and (3, 18). To
obtain such Lefschetz fibrations, consider the following positive factorization:
W3W
φ
3 = (tβ0tβ1tβ2tβ3t
2
at
2
b)
2(tφ(β0)tφ(β1)tφ(β2)tφ(β3)t
2
φ(a)t
2
φ(b))
2 = t2δ ,(4.7)
where φ = tb3tβ0tc1 .
Let us rewrite the positive factorization W3. In [41], it is shown that the product of positive Dehn twists
tβ0tβ1tβ2tβ3t
2
at
2
b is the vertical involution ι of the genus-3 surface with two fixed points. Hence, it preserves the
curve β0, then we have
tβ0tβ1tβ2tβ3t
2
at
2
b(β0) = β0.
By applying Lemma 2.1, we get the following identity of the factorization W3:
W3 = tβ0tβ1tβ2tβ3t
2
at
2
btβ0tβ1tβ2tβ3t
2
at
2
b
= tβ0tβ0tβ1tβ2tβ3t
2
at
2
btβ1tβ2tβ3t
2
at
2
b
= t2β0(tβ1tβ2tβ3t
2
at
2
b)
2 = tδ.
It is easy to see that φ(β0) = c1. Then, we get
W3W
φ
3 = T1tatbt
2
c1T2 = t
2
δ ,(4.8)
where T1 = tβ0tβ1tβ2tβ3t
2
at
2
btβ0tβ1tβ2tβ3tatb and T2 = (tφ(β1)tφ(β2)tφ(β3)t
2
φ(a)t
2
φ(b))
2. Since the curves {a, b, c1, c1}
bound a sphere with four holes, we can use the lantern relation tatbt
2
c1 = tc3tCtB2 to get the identity
W3W
φ
3 = T1tc3tCtB2T2 = t
2
δ .(4.9)
Let M19 and M18 be the genus-3 Lefschetz fibrations with the monodromies (4.7) and (4.9), respectively. We now
prove that pi1(M19) = pi1(M18) = 1.
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Figure 7. The curves φ(a1), φ(a3), x and z .
Lemma 4.1. The 4-manifold M19 is simply-connected.
Proof. Since the Lefschetz fibration M19 has a section, pi1(M19) has a presentation with the generators aj , bj ,
(j = 1, 2, 3) and with the relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
βi = a = b = φ(βi) = φ(a) = φ(b) = 1, (i = 0, 1, 2, 3).
Since the monodromy of the Lefschetz fibration M19 contains the factorization W3, the relations coming from
the factorization W3 make pi1(M19) a quotient of the free abelian group of rank 2. Hence, we can find additional
relations coming from the conjugated word Wφ3 using the action of φ on the generators of first homology group
H1(Σ3;Z). In addition to the relations a2 = b2 = 0, the relations (4.1)−(4.6) give the following abelianized relations
in H1(M19;Z):
a1 + a3 = 0,(4.10)
b1 + b3 = 0.(4.11)
The effect of the diffeomorphism φ on the generators a1 and a3 of H1(Σ3;Z) are as follows :
φ(a1) = a1 − b1 − b2 − b3,(4.12)
φ(a3) = a3 − b1 − b2 − 2b3,(4.13)
where the curves φ(a1) and φ(a3) are shown in Figure 7. From the fact that φ(β1) = 0 and φ(β0) = c1 = a1 = 0 in
H1(M19;Z) and using the identities (4.1) and (4.2), we get the relation
φ(β1) = φ(β0 + a1 + a3) = φ(a1 + a3) = 0.
Hence, by the identities (4.12) and (4.13), the relation
φ(a1) + φ(a3) = a1 + a3 − 2b1 − 2b2 − 3b3 = 0
holds in H1(M19;Z), which implies that b3 = 0 by the relations (4.10) and (4.11). Also, using φ(β0) = a1 = 0 and
the relations (4.10), (4.11), we conclude that H1(Σ3;Z) = 0. This proves that M19 is simply connected.
Lemma 4.2. The 4-manifold M18 is simply-connected.
Proof. The monodromy of the Lefschetz fibration M18 is given as (4.9). Hence pi1(M18) has a presentation with
generators aj , bj , (j = 1, 2, 3) and with the relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
βi = a = b = c3 = C = B2 = φ(βk) = φ(a) = φ(b) = 1,
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for each i = 0, 1, 2, 3 and k = 1, 2, 3. The relations c3 = a1a
−1
2 = 1 and a = a2 = 1 imply that a1 = a2 = 1 in
pi1(M18). Hence, pi1(M18) has the same presentation as pi1(M19). By the proof of Lemma 4.1, pi1(M18) is trivial.
Theorem 4.3. The 4-manifolds M18 and M19 are exotic copies of the manifolds 3CP2#18CP2 and 3CP2#19CP2,
respectively.
Proof. The 4-manifolds M18 and M19 have the Euler characteristics
e(M19) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 32 = 24,
e(M18) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 31 = 23,
and the signatures
σ(M19) = σ(M3) + σ(M3) = −16,
σ(M18) = σ(M19) + 1 = −15,
using the Novikov additivity and the fact that lantern substitution increases the signature by 1 (Lemma 2.3(ii)).
By Lemma 4.1 and Lemma 4.2, M19 and M18 are simply connected. Hence the identities
e(M19) = 2− 2b1(M19) + b2(M19) = 2 + b+2 (M19) + b−2 (M19) = 24,
σ(M19) = b
+
2 (M19)− b−2 (M19) = −16
imply that (b+2 (M19), b
−
2 (M19)) = (3, 19). Using Freedman’s work, we conclude thatM19 andM18 are homeomorphic
to 3CP2#19CP2 and 3CP2#18CP2, respectively. By similar arguments as in the proof of Theorem 3.5 M18 and
M19 are minimal i.e., it cannot contain a smoothly embedded −1 sphere. However, the manifolds 3CP2#19CP2
and 3CP2#18CP2 contain smoothly embedded −1 spheres, the exceptional spheres. Hence M19 and M18 cannot
be diffeomorphic to 3CP2#19CP2 and 3CP2#18CP2, respectively.
We now present the minimal symplectic genus-3 Lefschetz fibrations with (b+2 , b
−
2 ) = (3, 17) and (3, 16). To
obtain such Lefschetz fibrations, consider the following identity of the factorization W in (3.3):
W = T3tCtC′ = tδ,
where T3 = tt−1C (B0)
tt−1C (B1)
tt−1C (B2)
tB0tB1tB2tB′0tB′1tB′2ttC′ (B′0)ttC′ (B′1)tt′C(B′2).
Also, consider factorization W3
W3 = T4t
2
a = tδ,
where T4 = tβ0tβ1tβ2tβ3t
2
at
2
btβ0tβ1tβ2tβ3t
2
b .
Thus we have
W3W = T4t
2
atCtC′T3 = t
2
δ .(4.14)
Since the curves {a, a, C,C ′} bound a sphere with four holes, we have the identity t2atCtC′ = txtbtz. Therefore, we
get
T4txtbtzT3 = t
2
δ ,(4.15)
where the Dehn twist curves x and z are depicted in Figure 7. Let M17 and M16 be the genus-3 Lefschetz fibrations
with the monodromies (4.14) and (4.15), respectively.
Lemma 4.4. The 4-manifold M17 is simply-connected.
Proof. The monodromy of the Lefschetz fibration M17 is given in (4.14). Hence, pi1(M17) has a presentation with
the generators aj , bj , (j = 1, 2, 3) and with the relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
βi = a = b = Bk = B
′
k = C = C
′ = 1,
for each i = 0, 1, 2, 3 and k = 0, 1, 2. Therefore the relations (4.1)−(4.6) and (3.4)−(3.11) hold in pi1(M17). These
relations immediately imply that pi1(M17) = 1.
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Lemma 4.5. The 4-manifold M16 is simply-connected.
Proof. The monodromy of the Lefschetz fibration (M16, f16) is given in (4.15). Hence, pi1(M16) has a presentation
with the generators aj and bj , (j = 1, 2, 3) and with the relations
b−13 b
−1
2 b
−1
1 (a1b1a
−1
1 )(a2b2a
−1
2 )(a3b3a
−1
3 ) = 1,
βi = a = b = Bk = B
′
k = x = z = 1,
for each i = 0, 1, 2, 3 and k = 0, 1, 2. Thus, the relations (4.1)-(4.6) and (3.4)-(3.9) hold in pi1(M16), which give rise
to pi1(M16) = 1.
Theorem 4.6. The 4-manifolds M17 and M16 are exotic copies of the manifolds 3CP2#17CP2 and 3CP2#16CP2,
respectively.
Proof. The manifolds M17 and M16 have the Euler characteristics
e(M17) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 30 = 22,
e(M16) = e(S2)e(Σ3) + #singular fibers = 2(−4) + 29 = 21
and the signatures
σ(M17) = σ(M3) + σ(X) = −14,
σ(M16) = σ(M17) + 1 = −13,
using the Novikov additivity and Lemma 2.3(ii).
It follows from Lemma 4.4 and Lemma 4.5 that M17 and M16 are simply connected. Thus, the identities
e(M17) = 2− 2b1(M17) + b2(M17) = 2 + b+2 (M17) + b−2 (M17) = 22
σ(M17) = b
+
2 (M17)− b−2 (M17) = −14
imply that (b+2 (M17), b
−
2 (M17)) = (3, 17). Similarly, (b
+
2 (M16), b
−
2 (M16)) = (3, 16). Using Freedman’s classification
, we see that M17 and M16 are homeomorphic to 3CP2#17CP2 and 3CP2#16CP2, respectively. It is shown that
the manifolds M17 and M16 are minimal in a similar way in the proof of Theorem 4.3. Therefore, M17 and M16
cannot be diffeomorphic to 3CP2#17CP2 and 3CP2#16CP2, respectively.
Now, let us consider the minimal genus-3 Lefschetz fibrations (Xi, fi) (i = 1, 2, 3) constructed in Section 3.
Theorem 4.7. The 4-manifolds X1, X2 and X3 are exotic copies of 3CP2#15CP2, 3CP2#14CP2 and 3CP2#13CP2,
respectively.
Proof. For each i = 1, 2, 3, the manifold Xi is minimal, simply connected and has the following invariants:
e(Xi) = 2− 2b1(Xi) + b2(Xi) = 2 + b+2 (Xi) + b−2 (Xi) = 21− i
σ(Xi) = b
+
2 (Xi) + b
−
2 (Xi) = −13 + i.
Therefore, (b+2 (Xi), b
−
2 (Xi)) = (3, 16 − i). It follows from Freedman’s classification that Xi is homeomorphic to
3CP2#(16− i)CP2. Since each Xi is minimal, Xi cannot be diffeomorphic to 3CP2#(16− i)CP2. This finishes the
proof.
5. Construction of genus-3k Lefschetz fibrations and further examples of exotic 4-manifolds
In this section, we explicitly construct a positive factorization for a genus-3k Lefschetz fibration over a sphere
whose total space is diffeomorphic to Σk×S2#6CP2. In this construction, we use generalized Matsumoto’s genus-2k
fibration and the similar idea as in Section 3. Moreover, we give some fibered and non-fibered examples of exotic
structures using our generalized construction via twisted fiber sum or Luttinger surgery.
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Figure 8. The curves for the monodromy Wk
5.1. Construction genus-3k Lefschetz fibrations from generalized Matsumoto’s genus-2k fibrations.
We have the following two identities in Mod22k using the liftings of generalized Matsumoto’s fibration for even g
given by Hamada [38]:
(tB0tB1tB2 . . . tB2ktC)
2 = (tCtB0tB1tB2 · · · tB2k)2 = tC′(5.1)
(tB′0tB′1tB′2 · · · tB′2ktC′)2 = tCtδ,(5.2)
Here the curves Bi, B
′
i, C, C
′ are as shown in Figure 8 and δ is the curve that is parallel to the boundary component
of Σ13k. The first identity in (5.1) holds by the commutativity of the Dehn twists about disjoint curves C and C
′.
The second identity in (5.1) can be obtained by capping off the boundary component δ1 in Figure 3. We embed
these curves into Σ13k as in Figure 8, and use the commutativity of tC and tC′ to obtain the following relation in
Mod13k.
tδ = tB0tB1 · · · tB2ktCtB0tB1 · · · tB2ktB′0tB′1 · · · tB′2ktC′tB′0tB′1 · · · tB′2ktC′tCt
−1
C t
−1
C′
= tB0tB1 · · · tB2ktCtB0tB1 · · · tB2ktB′0tB′1 · · · tB′2ktC′tB′0tB′1 · · · tB′2k .
Let us denote the above factorization by Wk. Note that Wk is a product consisting of positive Dehn twists about
8k + 4 nonseparating and two separating curves. Let X(k) be the total space of the genus-3k Lefschetz fibration
over S2 with the monodromy factorization Wk. By applying the technique of Endo and Nagami [29] to compute the
signature σ(X(k)) of X(k) and the Euler characteristic formula for the Lefschetz fibrations, we get the following
topological invariants of X(k).
e(X(k)) = e(S2)e(Σ3k) + #singular fibers = 2(2− 6k) + 8k + 6 = −4k + 10,
σ(X(k)) = I3k
(
(B0B1 · · ·B2kC)2(B′0B′1 · · ·B′2kC ′)2C−1C ′
−1)
= I3k
(
(B0B1 · · ·B2kC)2
)
+ I3k
(
(B′0B
′
1 · · ·B′2kC ′)2
)− I3k(C)− I3k(C ′)
= −4− 4− (−1)− (−1) = −6,
c21
(
X(k)
)
= 3σ(X(k)) + 2e
(
X(k)
)
= −8k + 2.
Lemma 5.1. For each 1 ≤ i ≤ k and 1 ≤ j ≤ k − 1, pi1(X(k)) has the following relations:
aia2k−i+1 = 1, ak+ia3k−i+1 = 1,(5.3)
bj+1bj+2 · · · b2k−j = [a2k+1−j , b2k+1−j ][a2k+2−j , b2k+2−j ] · · · [a2k, b2k],(5.4)
bk+j+1bk+j+2 · · · b3k−j = [a3k+1−j , b3k+1−j ][a3k+2−j , b3k+2−j ] · · · [a3k, b3k].(5.5)
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Figure 9. The generators of pi1(Σ3k)
Proof. Let ai and bi be the generators of pi1(Σ3k) for i = 1, . . . , 3k as shown in Figure 9. Since the genus-k Lefschetz
fibration X(k)→ S2 admits a section, pi1(X(k)) is isomorphic to the quotient of pi1(Σ3k) by the normal closure of
the vanishing cycles. Therefore, the fundamental group pi1(X(k)) has the following relations up to conjugation:
B0 = b1b2 · · · b2k = 1,
B2i−1 = aibibi+1 · · · b2k+1−ic2k+1−ia2k+1−i = 1, 1 ≤ i ≤ k,
B2i = aibi+1bi+2 · · · b2k−ic2k−ia2k+1−i = 1, 1 ≤ i ≤ k − 1,
B2k = akckak+1 = 1,
B′0 = bk+1bk+2 · · · b3k = 1,
B′2i−1 = ak+ibk+ibk+i+1 · · · b3k+1−ic3k+1−ia3k+1−i = 1, 1 ≤ i ≤ k,
B′2i = ak+ibk+i+1bk+i+2 · · · b3k−ic3k−ia3k+1−i = 1, 1 ≤ i ≤ k − 1,
B′2k = a2kc2ka2k+1 = 1,
C = ck = 1,
D = c2k = 1,
c3k = [a1, b1][a2, b2] · · · [a3k, b3k] = 1,
where cj = [a1, b1][a2, b2] · · · [aj , bj ] for 1 ≤ j ≤ 3k.
First consider the relations B1 = a1b1b2 · · · b2kc2ka2k = 1, B0 = b1b2 · · · b2k = 1 and D = c2k = 1. Then one
can easily get a1a2k = 1. Now consider B2 = a1b2b3 · · · b2k−1c2k−1a2k = 1. Using the equation a1a2k = 1, we
get b2b3 · · · b2k−1c2k−1 = 1. This implies that a2a2k−1 = 1 using the relation B3 = a2b2 · · · b2k−1c2k−1a2k−1 = 1.
Inductively, one can obtain the relations aia2k−i+1 = 1 for 1 ≤ i ≤ k.
To get the relations ak+ia3k−i+1 = 1 for 1 ≤ i ≤ k, combine the equations B′1 = ak+1bk+1bk+2 · · · b3kc3ka3k =
1, B′0 = bk+1bk+2 · · · b3k = 1 and c3k = 1, which implies that ak+1a3k = 1. Then, using the relation B′2 =
ak+1bk+2bk+3 · · · b3k−1c3k−1a3k = 1 together with the equation ak+1a3k = 1, we obtain bk+2bk+3 · · · b3k−1c3k−1 = 1.
Then, by inserting it into B′3 = ak+2bk+2bk+2 · · · b3kc3k−1a3k−1 = 1, we have ak+2a3k−1 = 1. Continuing in this
way, we conclude the desired relation ak+ia3k−i+1 = 1 for 1 ≤ i ≤ k.
We next show that bi+1bi+2 · · · b2k−i = [a2k+1−i, b2k+1−i][a2k+2−i, b2k+2−i] · · · [a2k, b2k] for 1 ≤ i ≤ k−1. It follows
from the equations B2i = aibi+1bi+2 · · · b2k−ic2k−ia2k+1−i = 1 and aia2k−i+1 = 1 that bi+1bi+2 · · · b2k−i = c−12k−i,
for 1 ≤ i ≤ k − 1. This actually gives the required relation by the definition of c2k−i.
The last equation (5.5) comes from the relations ak+ia3k−i+1 = 1 andB′2i = ak+ibk+i+1bk+i+2 · · · b3k−ic3k−ia3k+1−i =
1 for 1 ≤ i ≤ k − 1 in a similar way.
Corollary 5.2. The first homology group H1(X(k);Z) of X(k) is isomorphic to Z2k.
Proof. Observe that ak+i for all i = 1, . . . , 2k can be written in terms of aj for j = 1, . . . , k by the relations in
(5.3). The abelianization of the relation (5.4) gives rise to the equation bj+1 = −b2k−j for each j = 1, . . . , k − 1.
Furthermore, it follows from the abelianization of the relation (5.5) that bk+j+1 = −b3k−j for each j = 1, . . . , k−1.
LEFSCHETZ FIBRATIONS AND EXOTIC 4-MANIFOLDS 19
One can easily observe that bk+i for all i = 1, . . . , 2k can be written also in terms of bj for j = 1, . . . , k. This finishes
the proof.
Theorem 5.3. The 4-manifold X(k) is diffeomorphic to Σk × S2#6CP2 for any positive integer k.
Proof. Using H1(X(k);Z) ∼= Z2k and some other topological invariants that we obtain above, one can easily
compute that b1(X(k)) = 2k and b
+
2 (X(k)) = 1. When k = 1, we showed that the total space X of the Lefschetz
fibration with the factorization W = W1 is diffeomorphic to T2 × S2#6CP2 in Theorem 3.1.
When k = 2, we prove that X(2) is diffeomorphic to a blow-up of a ruled surface. Assuming that X(2) is not
diffeomorphic to (a blow-up of) a ruled surface, then X(2) ∼= X˜(2)#mCP2 where X˜(2) is the minimal model of
X(2) and m is some non-negative integer. It is easily computed that
c21(X˜(2)) = c
2
1(X(2)) +m = −14 +m.
Since the minimal 4-manifold X(2) is neither rational nor ruled, we have
c21(X˜(2)) = −14 +m ≥ 0,
which implies that m ≥ 14 [66, 49]. On the other hand, it follows from [61, Theorem 4.7] that m ≤ 2g − 2 = 10,
where g is the genus of the Lefschetz fibration X(2)→ S2. (Thus g = 6.) Since X(2) is neither rational nor ruled,
it admits m disjoint exceptional spheres. This yields a contradiction.
When k > 2, it follows from e(X(k)) < 0 that X(k) is diffeomorphic to a blow-up of a ruled surface [62]. Thus,
using the signature and Euler characteristic of X(k), we can deduce that X(k) is diffeomorphic to Σk × S2#6CP2.
Therefore, pi1(X(k)), having the representation in Lemma 5.1 is isomophic to the surface group pi1(Σk).
Construction of fibered exotic (4k2 − 2k + 1)CP2#(4k2 + 4k + 7)CP2, using genus-3k fibration on Σk ×
S2#6CP2. In order to produce exotic 4-manifolds (4k2− 2k+ 1)CP2#(4k2 + 4k+ 7)CP2 which carry the genus-3k
Lefschetz fibration structure, we perform sufficiently many twisted fiber sums of the genus-3k Lefschetz fibration
X(k) to get a simply-connected 4-manifold.
Theorem 5.4. There exist minimal symplectic exotic copies of (4k2 − 2k + 1)CP2#(4k2 + 4k + 7)CP2 admitting
genus-3k Lefschetz fibration structure for each integer k ≥ 1.
Proof. We start with the Lefschetz fibration X(k) = Σk × S2#6CP2 with monodromy Wk. We can choose a
diffeomorphism in such a way that when we perform twisted fiber sum of Wk, the word induced by conjugating
Wk with this diffeomorphism kills some generators of the fundamental group pi1(X(k)). Considering the disjoint
vanishing cycles B2k and B
′
2k, one can find diffeomorphisms fi such that for each i = 1, . . . , k − 1
fi(B2k) = ai, fi(B
′
2k) = bi+1, fk(B2k) = ak and fi(B
′
2k) = b1,
by the classification of surfaces where ai, bi’s are the generators of pi1(X(k)) as shown in Figure 9 and the curves
B2k and B
′
2k are shown in Figure 8. We obtain the monodromy factorization
WkW
f1
k . . .W
fk
k
by conjugating the diffeomorphisms fi. Let X(k, k+1) be the Lefschetz fibration with the monodromy factorication
WkW
f1
k · · ·W fkk . Using the theory of Lefschetz fibrations and the existence of a section, pi1(X(k, k+1)) is a quotient
of pi1(X(k)) ∼= pi1(Σk). The conjugated words W fii induce the additional relations containing
fi(B2k) = ai = 1, fi(B
′
2k) = bi+1 = 1 for each i = 1, . . . , k − 1,
fk(B2k) = ak = 1 and fi(B
′
2k) = b1 = 1.
Hence, the additional relations induced by conjugated words kill all generators ai, bi for i = 1, . . . , k, which implies
that pi1(X(k, k + 1)) is trivial. Using the fiber sum computations, one can also compute
e(X(k, k + 1)) = e(S2)e(Σ3k) + #singular fibers = 2(2− 6k) + (k + 1)(8k + 6) = 8k2 + 2k + 10,
σ(X(k, k + 1)) = (k + 1)σ(X(k)) = (k + 1)(−6) = −6k − 6.
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Freedman’s classification implies that X(k, k + 1) is homeomorphic to (4k2 − 2k + 1)CP2#(4k2 + 4k + 7)CP2 for
any integer k > 0. Theorem 2.6 (or Proposition 2.7) implies that for each k, X(k, k + 1) is minimal, and therefore
they are not diffeomorphic to (4k2 − 2k + 1)CP2#(4k2 + 4k + 7)CP2 for any integer k > 0.
Remark 5.5. Further fibered minimal exotic examples can be produced using other genus-3k Lefschetz fibrations
over S2 and performing lantern substitutions.
Construction of exotic, not fibered, (4k−1)CP2#(4k+5)CP2 using genus-3k fibration on Σk×S2#6CP2.
To construct exotic copies of (4k − 1)CP2#(4k + 5)CP2 for any positive integer k, we use the following family
of symplectic building block. It is obtained from Σ3k × T2 by performing a sequence of torus surgeries. Our
computations are similar to the some computations in [9]. We perform the following 6k-torus surgeries on Σ3k×T2
for fixed integers m, k ≥ 1 and p, q ≥ 0:
(β′1 × c′′, β2k,−1), (α′′3k × d′, d′,m/q),
(β′2 × c′′, β2k+1,−1), (α′1 × c′, α′1,−1),
(β′3 × c′′, β2k+2,−1), (α′2 × c′, α′2,−1),
. . . , . . .
(β′k × c′′, β3k−1,−1), (α′k−1 × c′, α′k−1,−1),
(β′k+1 × c′′, β1,−1), (α′k × c′, α′k,−1),
(β′k+2 × c′′, β2,−1), (α′k+1 × c′, α′k+1,−1),
. . . , . . .
(β′2k × c′′, βk,−1), (α′2k−1 × c′, α′2k−1,−1),
(β′2k+1 × c′′, βk+1,−1), (α′2k × c′, α′2k,−1),
(β′2k+2 × c′′, βk+2,−1), (α′2k+1 × c′, α′2k+1,−1),
. . . , . . .
(β′3k−1 × c′′, β2k−1,−1), (α′3k−2 × c′, α′3k−2,−1),
(α′3k × c′, c′, 1/p), (α′3k−1 × c′, α′3k−1,−1),
where αi, βi are the generators of pi1(Σ3k) for i = 1, 2 . . . 3k and c, d are the generators of pi1(T2). Let Yk(1/p,m/q)
denote the resulting smooth 4-manifold. When m = 1, the above torus surgeries are Luttinger surgeries and in this
case the Luttinger surgery preserves the minimality. Moreover, it can be performed symplectically.
Figure 10. Lagrangian tori β′i × c′′ and α′i × c′
The fundamental group of the manifold Yk(1/p,m/q) is generated by αi, βi, c and d for i = 1, 2 . . . 3k and it has
the following relations:
[α−11 , d] = β2k, [α
−1
2 , d] = β2k+1, · · · , [α−1k , d] = β3k−1,
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[α−1k+1, d] = β1, [α
−1
k+2, d] = β2, · · · , [α−13k−1, d] = β2k−1,
[c−1, β3k]−m = dq, [β−11 , d
−1] = a1, [β−12 , d
−1] = α2,
· · · , · · ·
[β−13k−1, d
−1] = α3k−1, [d−1, β−13k ] = c
p, [βj , c] = 1,
[α3k, d] = 1, [αj , c] = 1, [α3k, c] = 1,
(5.6) [α1, β1][α1, β1] · · · [α3k, β3k] = 1, [c, d] = 1.
where 1 ≤ j ≤ 3k − 1.
Theorem 5.6. There exist smooth exotic copies of (4k − 1)CP2#(4k + 5)CP2.
Proof. Consider the symplectic manifold X(k) with a genus-3k symplectic submanifold Σ3k, a regular fiber coming
from its genus-3k Lefschetz fibration structure and the symplectic 4-manifold Yk(1, 1) with the symplectic subman-
ifold Σ′3k that is a copy of Σ3k × {pt} in Yk(1, 1). (Here Yk(1, 1) is obtained by performing torus surgeries from
Σ3k×T2 where p = q = m = 1 as explained above). Let Z(k) be the 4-manifold obtained by symplectic fiber sum of
X(k) and Yk(1, 1) along the surfaces Σ3k and Σ
′
3k. We need to find an orientation-reversing gluing diffeomorphism
to perform symplectic fiber sum such that Z(k) is simply-connected.
Recall from Lemma 5.1 that ai, bi (i = 1, . . . , 3k) are the generators of the fundamental group pi1(X(k)) ∼= pi1(Σk)
but the generators ai, bi (k+ 1 ≤ i ≤ 3k) are nullhomotopic. The genus-3k Lefschetz fibration X(k)→ S2 admits a
section, so the normal circle to Σ3k, denote it by λ, is nullhomotopic in pi1(X(k)\υΣ3k). We thus get pi1(X(k)\υΣ3k)
is isomorphic to pi1(X(k)).
The fundamental group pi1(Yk(1, 1)) has the generators αi, βi, c and d for i = 1, . . . , 3k with the relations in (5.6).
Choose a base point p of pi1(Yk(1, 1)) on ∂υΣ
′
3k
∼= Σ′3k × S1 in such a way that pi1(Yk(1, 1) \ Σ′3k, p) is normally
generated by αi, βi, c and d for i = 1, . . . , 3k. One can perform above tori surgeries such that Σ
′
3k ⊂ Yk(1, 1) is
disjoint from all tori surgeries performed. Hence the relations in (5.6) still hold in pi1(Yk(1, 1) \ Σ′3k, p) except for
[c, d] = 1, which represents a meridian in pi1(Yk(1, 1) \ Σ′3k, p), denote it by λ′.
Now, choose the gluing diffeomorphism ϕ : ∂(Σ3k)→ ∂(Σ′3k) which maps the generators of pi1 as follows:
ai 7→ αi, bi 7→ βi, and λ 7→ λ′.
By Van Kampen’s theorem, the fundamental group of the resulting 4-manifold Z(k) = (X(k) \ υΣ3k ∪ϕ Yk(1, 1) \
υΣ′3k) satisfies
pi1(Z(k)) ∼= pi1(X(k) \ υΣ3k ∗ pi1(Yk(1, 1) \ Σ
′
3k)
〈ai = αi, bi = βi, λ = λ′〉 .
One can conclude that pi1(Z(k)) admits a presentation with generators ai, bi, c and d (i = 1, . . . , 3k) and with
the relations (5.3), (5.4), (5.5) and (5.6). Keep in mind ai = αi, bi = βi, λ = λ
′ and [c, d] = λ′. It suffices to prove
that c = d = 1 in pi1(Z(k)) to show that pi1(X(k)) is trivial using the relations in (5.6). Now, first consider the
relations [a3k, d] = 1, [a
−1
k+1, d] = b1 in (5.6) and the relation a3k = a
−1
k+1 in (5.3), which yield b1 = 1. Next, since
[b−11 , d
−1] = a1 in (5.6), a1 = 1. Also, using the relations a1a2k = a2ka2k+1 = 1 in (5.3), we have a2k = a2k+1 = 1.
Using these equations, one can obtain that bk = bk+1 = 1, since [a
−1
2k , d] = bk and [a
−1
2k+1, d] = bk+1 in (5.6). It
follows from the relations [b−1k , d
−1] = ak and bk = 1 in (5.6) that ak = 1. Also, by the fact that [a−1k , d] = b3k−1 in
(5.6) and ak = 1, we obtain that b3k−1 = 1. This also implies that a3k−1 = 1 by the relation [b−13k−1, d
−1] = a3k−1 in
(5.6). The equations ak = 1 and [ak, ak+1] = [ak+1, a3k] = 1 in (5.3) imply that a3k = 1. Now, consider the relation
bk+2bk+3 · · · b3k−1 = [a3k−1, b3k−1][a3k, b3k in (5.5) and the relation bk+1bk+2 · · · b3k = 1 coming from vanishing
cycle B′0 shown in Figure 8. Combining these relations, we get bk+2bk+3 · · · b3k−1 = bk+1bk+2 · · · b3k = 1, since
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a3k = 1 and b3k−1 = 1. Then, we get bk+1b3k = 1. This impiles that b3k = 1 since bk+1 = 1. Finally, we can obtain
that c = d = 1 using the relations [c−1, b3k] = d and [d−1, b−13k ] = c in (5.6). Therefore, the following relations
[b−1i , d
−1] = ai, i = 1, . . . , 3k − 1
[a−1i , d] = b2k−1+i, i = 1, . . . , k
[a−1i , d] = bi−k, i = k + 1, . . . , 3k − 1
in (5.6) imply that pi1(Z(k)) = 1 .
Using the fact that Luttinger surgery preserves the Euler characteristic and the signature, we have
e(Z(k)) = e(X(k)) + e(Yk(1, 1))− 2e(Σ3k) = 6 + 8k,
σ(Z(k)) = σ(Z(k)) + σ(Yk(1, 1)) = −6.
The Freedman’s classification implies that the 4-manifold Z(k) is homeomorphic to (4k − 1)CP2#(4k + 5)CP2 for
any positive integer k. Since the symplectic 4-manifold Z(k) has b+2 (Z(k)) ≥ 2, the Seiberg-Witten invariant of the
canonical class of Z(k) is ±1 [64]. However, the Seiberg-Witten invariant of the canonical class of (4k−1)CP2#(4k+
5)CP2 is trivial (cf. [60]). Hence we distinguish Z(k) with (4k−1)CP2#(4k+5)CP2 up to diffeomorphism, which is
due to the fact that Seiberg-Witten invariant is a diffeomorphism invariant. Moreover, one can replace 4-manifold
Yk(1, 1) by Yk(1,m) in the construction above, where the integer m 6= 1 to construct infinitely many exotic copies
of (4k − 1)CP2#(4k + 5)CP2.
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